In this paper, consider a single server queue in a hospital environment whose service time is governed by a Markov process. It is possible that the server changes its service speed many times while serving a patient. Here we have studied the order statistics for waiting time distribution where the probability density function of single order statistics φi:n, cumulative density function of Φi:n, joint probability density function of φi:n and φj:n, probability density function of extreme order statistics. Also have been considered the moments and recurrence relation of order statistics, the probability density function of sample range and sample median. We derive minimum and maximum order statistics of the service time of patients in the system using rst step analysis to obtain an insight on the service process. Further, we use order statistics to compute performance measures such as average queue length and waiting time for severe diseases especially in the outpatient department. This result eectively establishes that as the number of server increases, then the utmost and the minimum waiting time of the patients decreases. Also illustrate the application of the simple Markovian model by using real hospital data.
Introduction
The theory of queues has wide applications in the eld of health-care management system. The study of queuing systems in hospitals has often been concerned with the busy period and waiting time, because they play a very signicant role there. A queuing system is normally described by the patient's entry into a queue, who are then served at a service point by the server (doctor), after which they leave the queue.
Dhar et al. [9] studied the comparison between single and multiple Markovian queuing model in an outpatient department. Also Mahanta et al. [13] proposed a single server queueing model for severe diseases especially in outpatient department. Further consider the innite server queues with time-varying arrival and departure pattern when the parameters are varying with time derive by Dhar et al. [16] .
Order statistics are widely used in applications of statistical models and inference. Both describes random variables which are arranged in order of magnitude. According to Aleem [1] , usually the ordered values of independent and identically distributed samples arranged in ascending order of magnitude are known as order statistics. The simplest and most important function of order statistics is the sample cumulative distribution function Fn(x). Suppose X1, X2, . . . , Xn are n jointly distributed random variables. Arranging the X's in increasing order of magnitude, X1:n, X2:n, . . . , Xn:n are said to be smallest, second smallest and largest order statistics. Thus X1:n < X2:n, . . . , < Xn:n. Arnold et al. [2] and David and Nagaraja [7] studied order statistics and functions of these statistics as it plays an important role in wide range of theoretical and practical problems such as characterizations of probability distributions and goodness of t test, entropy estimation, analysis of censored samples, reliability analysis, quality control and strength of materials. Order statistics arise naturally in many real-life applications involving data relating to life testing studies proved by Shawky [10] . Aleem [1] reported that methods of interpretation based on order statistics are most ecient and are used extensively because of robustness and parsimonious nature. The sample mean and standard deviation provide ecient estimators of the corresponding population parameter under the assumption of normality, but sample range is simpler to use than the sample standard deviation in statistical quality control and the sample median and its deviation furnish more robust estimators when the population have long tail. Extreme (largest and smallest) values statistics, which is an ospring of order statistics, has its importance in hydrology, aeronautics, oceanography, material strength, signal processing and meteorology. Moments of order statistics also plays an important role in the area of quality control testing and reliability. According to David and Nagaraja [8] moments of order statistics can be used to measure the failure rate of reliability and to predict the failure of future events.
A recursive procedure for computing the moments of the busy period for the singleserver model can be found in Tarabia [12] . Limit theorems are proved by investigating the extreme values of the maximum queue length, the waiting time and virtual waiting time for dierent queue models in literature. Serfozo [14] discussed the asymptotic behavior of the maximum value of birth-death processes over large time intervals. Serfozo's results concerned the transient and recurrent birth-death processes and related M/M/c queues. Asmuseen [4] introduced a survey of the present state of extreme value theory for queues and focused on the regenerative properties of queuing systems, which reduced the problem to study the tail of the maximum of the queuing process X(t) during a regenerative cycle, where X(t) is in discrete or continuous time. Artalejo et al. [3] presented an ecient algorithm for computing the distribution for the maximum number of customers in orbit and in the system during a busy period for the M/M/c retrial queue. The main idea of their algorithm is to reduce the computation of the distribution of the maximum customer number in orbit by computing certain absorption probabilities. For more details of extreme value in queues by Park [15] .
In this paper, we studied the maximum and minimum service and waiting time respectively, of the patients who suer from severe disease especially in public hospital. Here we considered one of the leading public hospitals of the region, viz. Pandu P.H.C/F.R.U, Guwahati where it was observed that there was a heavy ow of patients throughout the day. Data was collected from Hospital( viz. outpatient department) and from other allied sources. The current chapter will have utility for various practical problems for which the distributions of order statistics play a role and the queuing theory implicit to the health related problems.
Formulation of the problem
Let X1, X2, . . . , Xn be a random sample from a continuous population with probability density function φ(x) and cumulative distribution function Φ(x) and X1:n, X2:n, . . . , Xn:n be the order statistics obtained by arranging the random sample in increasing order of magnitude. Then according to David and Nagaraja [7] the probability density function of the i th order statistics Xi:n, 1 < i < n is given by
The probability density functions of smallest and largest order statistics are given by Arnold et al. [2] as
respectively. According to Arnold et al. [2] the cumulative density functions of smallest and largest order statistics are given as
respectively. The p th order moment for the i th order statistics is also given by Arnold et al. [2] as
Assuming u = Xi:n and v = Xj:n as the i th and j th order statistics, 1 < i < j < n from n independent random variable each with probability density function φ(x), the joint density function of u = Xi:n and v = Xj:n is given by Arnold at el. [2] , as
David and Nagaraja [7] , has given the probability density function of double moment as
Arnold at el. [2] dened the sample range as Wn = Xn:n − X1:n and
Percentage points of distributions are the most fundamental tools used in test of hypothesis to take decision about various situations of the population based on sample observations and also used to express the dierence of risks of probabilities. The percentile points are the point on the measurement scale below which a specied percentage of score falls. In many applications involving these distributions percentage points are required. Bagui [5] dened the percentage points depends on the evaluation of the inverse probability function. In general, percentile points of the distributions have been obtained using approximation, interpolation formula, quadrature formula and by simulation. According to White [11] the p th percentile equation of distribution is given as
where p denotes level of signicance. The p th percentile equation of smallest and largest order statistics are given as
Let X1:n, X2:n, . . . , Xn:n be the order statistics of a random variables X1, X2, . . . , Xn. Also let Ti:n = Xi:n − Xi−1:n, i = 1, 2, 3, . . . , n , where Ti represents the dierence between each arrival into the system(inter-arrival) of the order statistics Xi:n and Xi−1:n. Then the random variables T1, T2, . . . , Tn are called the inter-arrival time between the successive order statistics X1:n, X2:n, . . . , Xn:n.
Here we consider the sample range R which is denoted by
Ti:n Moreover, this can be used to construct the interval for the corresponding patients.
2.1. Theorem. Let T1, T2, . . . , Tn be the random sample of size n from a continuous distribution with cumulative density function Φ and the probability density function φ.
Then the joint distribution of order statistics is given by (2.14)
Proof. We know that,
Let w be the region bounded by
by using equation (2.15), since it is the integral of the (i − 1) th order statistics over (−∞, ∞)
Corollary. Let i = 1 and i = n in Theorem 2.1
. . , X (n) denote the order statistics of a random sample of size n from a continuous distribution with probability density function φX (x) and a cumulative density function ΦX (x). Then the probability density function of the j th order statistics is given by
Proof. Proof of the theorem 2.3 given in Artalejo et al. [3] .
Order statistics for waiting time distribution
When a patient wait for service, the two most important characteristics that arises are (i) time spent in the queue and(ii) time spent in the system. Considering the system is in equilibrium, let Tq and T be the amount of time a customer spends in queue and in the system, respectively. However, the waiting time for service (Tq) of an arriving customer is the amount of time required to serve the customers already in the system. The total time in system T is Tq + service time. When there are n customers in the system, since service times are exponential with parameter µ, the total service time of n customers is Erlang with probability density
be the distribution function of the waiting time Tq. Here
It is noted that because of the memoryless property of the exponential distribution, the remaining service time of the customer in service is also exponential with the same parameter µ. Let dΦq(t) = P (t < T q ≤ t + dt), f or t > 0, we have
After simplication it is given by
Because of the discontinuity at 0 in the distribution of Tq, we get
The probability density function of the waiting time in the queue is given by Medhi [17] 
The probability density function of the waiting time in the system is given by Bhat [6] w
which is a exponential distribution with parameter µ(1 − ρ)
3.1. Derivation of i th order statistics for waiting time distribution. If X1, X2, . . . , Xn is a random sample from a continuous population with probability density function φ(x) and cumulative distribution function Φ(x) and X1:n, X2:n, . . . , Xn:n are the order statistics obtained by arranging the random sample in increasing order of magnitude, then the probability density function of the i th order statistics Xi:n for waiting time distribution using (2.3), 1 < i < n is given by
Using binomial expression, the probability density function of i th order statistics Xi:n, (1 < i < n) for waiting time distribution reduces to
where
We observe that
The cdf of i th order statistics Xi:n, 1 < i < n for waiting time distribution is obtained as
Derivation of extreme order statistics. The probability density functions of smallest and largest order statistics can be obtained from equation (3.4) by putting i = 1 and i = n respectively. The probability density functions of smallest and largest order statistics for waiting time distribution are obtained as
respectively. The cumulative density functions of smallest and largest order statistics for waiting time distribution can be obtained using expression (2.4) and (2. X (2) , . . . , X (n) be independent and identically distributed random sample of size n from a continuous distribution with probability density function φX (x) and a cumulative density function ΦX (x) from Waiting time distribution. From the probability density function of i th order statistics for waiting time distribution the p th order moment can be written as
Here we applied the binomial expression in (3.9), we get
putting i = n, we get the highest order moment which is given by
The recurrence relation for moments of i th order statistics is given by Let X (1) , X (2) , . . . , X (n) denote the order statistics of a random sample of size n from a continuous distribution with probability density function φX (x) and a cumulative density function ΦX (x). Let us assume that u = Xi:n and v = Xi:n as i th and j th order statistics,
(1 < i < j < n) from a random sample of size n, each with probability density function φX (x). The joint density function of u = Xi:n and v = Xi:n is as follows
Using Binomial expansion on (3.11), we get
Derivation of distribution of sample range for waiting time distribution
Let the sample range of the waiting time distribution be dened as
Also, let Now using the joint distribution of order statistics
Therefore the range of the distribution of the waiting time is (2) , . . . , X (n) denote the order statistics of a random sample of size n from a continuous distribution with probability density function φX (x) and a cumulative density function ΦX (x). Then the probability density function of the range of the waiting time distribution in the system is
Proof. As stated as same in equation (4.1).
Derivation of response time distribution
Percentiles are frequently used as indicators of performance in both the public and private hospitals. Percentiles provide information about how a patient or thing relates to a larger group. Relative measures of this type are often extremely valuable to researchers employing statistical techniques. The formula of the mean response time is given by Mean number in the system = Arrival rate × mean response time i.e.,
The cumulative distribution function of the response time is given as
The response time is exponentially distributed and q th percentile is
The cumulative distribution function of the waiting time is
This is a truncated exponential distribution and its q th percentile is given by
The above formula is applied only if q is greater than 100(1 − ρ) and all lower percentiles are zero. When the sample size is odd, then the probability density function of the sample median is given by
When the sample size is even, then the probability density function of the sample median is as follows
Here we evaluate the minimum and maximum waiting time of the patients who are in the queue. The table below gives the minimum number of patients in the system and queue for given number of servers during each interval and it is clear that for both the queue and the system, the waiting time drops measurably from 1 st to 5 th server, after which the drop is trivial. Hence it is concluded that the maximum and minimum number of patients decrease gradually with the increasing number of servers. The percentage points of response and waiting times in the system have been presented in Table( 2), Table( 3), Table(4) and Table (5) . From the tables of percentage points of response time in the system, it is clear that for xed values of p ( p = 0.25, 0.50, 0.75, 0.90, 0.95, 0.99 ) and µ. Percentage points remain same as µ increases. On the other hand percentage points decreases as µ increases. Further, the range of smallest and largest order statistics of waiting time distribution and has been presented in Table( The obtained results show that the expected value of the maximum and minimum number of patients decreases gradually with the increasing number of servers. Besides, it is mentioned that the system will be almost empty after the 10 th server. That is, the patient will get the service as soon as she or he arrive and will leave the system before the next arrival. This solution accords with the fact that the service rate is greater than the arrival rate. The range of the waiting time R decreases gradually to zero as the number of servers increases.
